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ABSTRACT

Copulas are used in finance and insurance for model-
ing stochastic dependency. They comprehend the entire
dependence structure, not only the linear correlations.
Here they serve the purpose to analyze measured sam-
ples of random vectors, to estimate a multivariate distri-
bution for them, and to generate random vectors with
this distribution. This can be applied as well to time
series.

INTRODUCTION

Stochastic models and discrete simulation are indispens-
able means for the quantitative analysis of systems. It
is well known that missing to carefully model the in-
fluences from outside, especially the load, may lead to
wrong results and ultimately to wrong decisions based
on the simulation results. One reason for bad load mod-
els may be to ignore dependencies, i.e. to use indepen-
dent random variables instead of proper commonly dis-
tributed random vectors or stochastic processes.
Influence from outside of the model like load or failure of
system components can be incorporated into the model
using observed traces or input models, namely random
variables, random vectors, or stochastic processes. Data
from traces can be used directly. If input is modeled,
data are realisations of the model.

The use of random variates is well understood and com-
mon since long time, the use of generated random vec-
tors and stochastic processes is much more difficult, not
so popular, a topic of actual research.

In this paper, we propose to use copulas for the analysis
of observed data and for the generation of dependent
random variates and time series. The use of copulas is
common in finance and insurance.

The copula of a multivariate distribution describes its
dependence structure completely, not only the correla-
tions of the random variables. It is uncoupled from the
marginal distributions which can be modeled as empir-

ical distributions or fitted standard distributions.

The use of copulas might make a difficult task, finding a
multivariate distribution, more facile by performing two
easier tasks. The first step is modeling the marginal dis-
tributions, the second consists in estimating the copula.
Moreover, it is quite simple to generate random vectors
with copulas.

In our approach, the marginal distributions might be
modeled as empirical distributions or as theoretical dis-
tributions as usual. However, we estimate the copula as
a frequency distribution, which is not common. Usually
one of the known families of copulas is fitted. There are
many such families, see e.g. (Nelsen 1998), but most of
these families are for only two dimensions. For simula-
tion, more dimensions might be needed. Moreover, as
remarked in (Blum and Dias and Embrechts 2002), fit-
ting a copula is essentially as difficult as estimating the
joint distribution in the first place. Thirdly, different
families of copulas account for different kinds of depen-
dence. Hence, the input modeler must choose the family
according to the actual dependence nature. In contrast,
an empirical copula incorporates the dependence form
automatically. For these reasons, we use some kind of
empirical copulas (the frequency distribution) instead of
fitting families of copulas.

A chi-square test is proposed for the evaluation of the
goodness of the fitted approximate distribution.

The new technique contrasts with other proposed in-
put models. For example, autoregressive processes (AR)
model allow to model linear dependencies in time se-
ries with Gaussian random variables. They are conve-
niently fitted to measured data with the linear Yule-
Walker equations.

ARTA-like models (ARTA (Cario and Nelson 1996) for
univariate time-series, NORTA (Cario and Nelson 1997)
for random vectors, VARTA (Biller and Nelson 2003)
for processes of random vectors) allow also to model lin-
ear dependencies, more over, they allow for general dis-
tributions by means of a Gaussian AR or a multivari-
ate Gaussian random variable as basis whose random
variables are transformed into the desired distributions.
The correlations of the basis process are different from
the desired correlations. Therefore, a transformation is
required. Sometimes this transformation results in un-
feasible correlation matrices of the basis process (Ghosh



and Henderson 2002b), the defective matrixz problem.
TES processes (Melamed 1997) rely on empirical dis-
tributions of the random variables. They comprise lag 1
correlations. The interactive software system TEStool
serves the purpose of fitting measured data to a TES
process.

AR, ARTA-like, and TES processes as input modeling
approaches for random vectors and time-series consider
only the linear correlations, not the whole dependence
structure. In contrast, copulas take into account the
entire dependency, hence this new technique as well.

In (Nassaj and Strelen 2005) we propose some kind of
nonlinear non-Gaussian autoregressive processes. The
dependence structure is more general, nonlinear depen-
dencies are accounted for. The distributions of the ran-
dom variables are general. The procedure of fitting to
measured date is done in two successive steps. The first
one for the dependence structure applies optimization
with respect to some parameters. The second one con-
cerns the distribution of univariate random variables.
This separation is similar to the copula approach. How-
ever, this procedure requires knowledge or assumption
about the type of dependencies. This problem does not
appear in the approach we describe in this paper.

In the next section, some material about copulas is pro-
vided. Section 3 describes the procedure of building an
approximate distribution which fits measured data, and
how random vectors are generated from this distribu-
tion. The chi-square test for the evaluation of the dis-
tribution is given in section 4. Section 5 contains some
examples.

COPULAS

A compact definition of copulas is given in (Pfeifer and
Neslehova 2003):

Definition A copula is a function C of D variables on
the unit D-cube [0, 1]P with the following properties:
1. The range of C' is the unit interval [0, 1]

2. C(u) is zero for all u € [0,1]” for which at least one
coordinate equals zero

3. C(u) = ugy if all coordinates of u are 1 except the
d-th one

4. C'is D-increasing in the sense that for every a < b
in [0, 1] the measure AC? assigned by C to the D-box
[a,b] = [a1,b1] X ... X [ap,bp] is nonnegative, i.e.

AC .= 3
(e1,....ep)€{0,1}

(1 —€1)by,...,epap + (1 — €D)bD> > 0.

(~1) -t C(ea +

In fact, a copula is a multivariate distribution function
for the random vector U = (Uy, ...,Up) with univariate
uniform margins restricted to the unit D-cube. All par-
tial derivatives exist almost everywhere, hence the con-
ditional distribution functions and the density as well.

The key theorem due to Sklar clarifies the relations of
dependence and the copula of a distribution:

Theorem (Sklar): Let F' denote a D-dimensional dis-
tribution function with margins Fi, ..., Fp. Then there
exists a D-copula C' such that for all real z = (21, ..., 2p),

F(z) = C(F1<z1), ...,FD(zD)).

If all the margins are continuous, then the copula is
unique; in general, it is determined uniquely on the
ranges of the marginal distribution functions. More-
over, if we denote by Fl_l, . Fp ! the generalized in-
verses of the marginal distribution functions, then for
every u = (u1,...,up) in the unit D-cube,

C(u) = F(Fl_l(ul), ...,Fgl(uD)).

For a proof, see (Nelsen 1998). In the next section, we
define pseudo-inverses of distribution functions.
Multivariate random numbers (z1, ..., zp) can be gener-
ated using copulas. First, we consider the special case
of two dimensions:

1. Generate independent random numbers u; and us,
uniform on (0, 1).

2. Use the pseudo-inverse of the conditional distribution
function Ca(uz|Uy = u1) = P{Uz < uz|Uy = uy} for the
generation of the random number us:

U = 02_1(U|U1 = ul).

The conditional distribution function is equal to the par-
tial derivative %C(ul, uz).

3. Univariate random variates can be generated with
the inverse distribution function method z; = F; *(u;)
and z9 = F{l(ug). z1 and z9 are the elements of the
desired random vector.

The generalization to higher dimensions is straightfor-
ward, the generation of the dependent ug can be done
in the usual way. See (Law and Kelton 2000),page 479,
for example.

THE APPROXIMATE MULTIVARIATE DIS-
TRIBUTION

We begin with a sketch of the method to fit an approxi-
mate multivariate distribution to data samples, the pre-
cise algorithm is presented subsequently.

A. Building the approximate distribution A

1. Approximations Fy(z), d =1, ..., D, of the unknown
marginal distribution functions are built from the given
sample. This can be empirical distribution functions of
some kind, or fitted standard distributions like exponen-
tial, Weibull etc.

2. The observed sample points z;, ¢ = 1,...,n, are
transformed into points u; of the unit D-cube [0,1]”
by means of the marginal distribution functions.



3. The density of the approximate copula, that is, the
density of the u;, is estimated. To this end, the D-
cube is partitioned into sub-cubes. In each sub-cube,
the density of the approximate copula is estimated from
the number of points u; in the subcube, divided by n
and the volume of the sub-cube.

B. Generating random vectors.

In principle, using the approximate copula, random
points 1 € [0,1]P can be generated. From this, random
vectors z are obtained by means of the pseudo-inverses
F; ' (u) = min{z, F4(z) = u} of the estimated marginal
distribution functions. Later on we indicate problems
with this which occur if the marginal distribution func-
tions are not continuous, and how to solve this problem.
Now we describe precisely the algorithm for the approx-
imate distribution A. Input data are a sample of ran-
dom vectors z; = (21, ...,2p) € Z, i = 1,...,n, which are
drawn from the unknown multivariate distribution D of
the random vector Z = (Z1, ..., Zp).

Example 1. In Simulation, stochastic processes are more
interesting. They can be analyzed and realized using a
sliding window over a stochastic process. A special ex-
ample is: Zl,z’ = Ai7 Z277; = Az’—i—l, 1 = 1,...,71, where
A;, 1= ...,—1,0,1,2,..., is the stationary stochastic
process defined by 4;.1 = 0.5 (1 —4(A; —0.5)2> +0.5X;,
where the X; are independent and uniformly distributed
over [0,1].

Example 2, observed data at an Internet server. The
data consists of inter-arrival times (A4;) and packet
lengths (B;). In this case, the stochastic process is
Zii = Ai, Zay = By, Z3; = Aiy1, Zay = Biyr, 1=
1,...,n.

1. The empirical marginal distribution func-
tions Fy(z) are estimated. To this end, the se-
quences zq.1,%dz2--%dn, ¢ = 1,...,D, are ordered:
Zd,(1)s Zd,(2)5 -+ where ¢ < j implies zZa, i) < Zd,()-
For Zd, (i) where Zd,(i-1) < Zd,(i) = Zd,(i+1) = - =
Zd,(i+m—1) < Zd,(i+m)> Fa(za,iy) = m/n holds, Fy; for
short (here we define z4 gy = 0 and 24 (jni1) = 00;

these values are not used for estimation). For z €
(24,(i)» Zd,(i+1)), we define Fy(z) = Fy;, but we will not
use this. Alternatively, Fy(z),d = 1,...,D, are fitted
standard distributions.

2. Using the empirical or the standard marginal
distributions, we get the transformed points u; =
(uLi, ...,UDJ') € [0, I]D, where Udy = Fd,i, d =
1,..D, i=1,...n.

3. For the sub-cubes, in each dimension d, the set [0, 1] is
partitioned into K4 subsets Sq ; as follows: Sg; = [(j —
1)6d7 j(;d), j=1.,Kq4—1, Sd,Kd = [(del)(;d, Kdéd},
where §; = 1/Kg4, d=1,...,D. With these subsets, the
sub-cubes of [0,1]” are S = Sy, X ... x Spj,, JEK =
{1, vy Kl} X ... X {D, ceny KD}

Example. D = 2 dimensions, K; = 3, Ko =4, §; =
1/3, 65 = 1/4

In a two dimensional cube, a partition S;, j € K, induces
a partition 7; = T4 j, X ... xTp j,, j € K, in the original
space Z of the observed random vectors z; by means of
ueSjezecelyoVd=1,.,D: 2z € Ty, where
u = (ug,...,up), z = (21,...,2p), and zg = F; ' (uq).
See figure 1. This induced partition is unique only if
the marginal distribution functions Fy(z) are strictly in-
creasing.
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Figure 1: LEFT: SUB-CUBES OF THE UNIT D-
CUBE. RIGHT: OF SPACE Z, where Fy(z) = 1 —

exp(—z)

The approximate density of the copula is constant
within each sub-cube Sj, j € K. With the number Nj of
points u; in the sub-cubes S5 and Hj = Nj/n, the density
has the value H;/(d1-...-6p). Hj, j € K, is a frequency
distribution for tuples j. The reader may note that these
approximations are not really a copula, in general: The
marginal distributions are only approximately uniform.
However, the empirical copulas, and thus their deriva-
tives, the frequency copulas, converge to true copulas.
See (Goorbergh and Genest and Werker 2005).

This (approximate) frequency copula, together with the
pseudo-inverses of the marginal distributions, defines
the approximate distribution A. Its goodness of fit can
be tested statistically with a chi-square test if a further
sample of the same population is available. We present
this in section 4.

Now we indicate how random vectors z are generated
form the fitted approximate distribution A:

1. First a sub-cube Sj is selected randomly with equal
probability 1/n according to the distribution Hj, j € K,
in the usual way, see for example (Law and Kelton
2000), page 479.

2. If the marginal distribution functions Fy(z), d =
1,..., D, are continuous, a random point @ = (i1, ..., Up)
is generated with a uniform distribution over the se-
lected sub-cube. With the pseudo-inverses of the mar-
ginal distribution functions, the elements of the random
vector are 25 = Fd_l(ad), d=1,..,D.

If the marginal distributions are discrete, we proceed
differently. This is also the case for our empirical dis-
tribution functions. From all points u; in the sub-cube,
one point is selected randomly , say 0. If one point oc-
curs m > 1 times in the sample, the same point will be
present several times in the sub-cube, say m-fold. In



this case point probability is m/n.

For the transformation into the original space Z we use
Fy(z|Zq € T,;,), the marginal distribution functions
conditioned on Z; lying in the interval Td,jd according
to the selected sub-cube, for all dimensions d: Z4 =
Fy'talZa € Ty;), d=1,...,D.

Why do we proceed differently for discrete distribu-
tions? Consider the following situation. Let v =
Fd(zd_’(i_l)) < jog < Fd(zd,(i)) = ’U,//, U = u’(1+e), e>0
so small that @ < jos. Hence, v’ € Sg;, v’ € Sgj+1
and 24 ;1) € Taj, 24,() € Taj+1- If in the gener-
ating process a sub-cube ... X Sy ; X ... € [0,1]P was
selected and 4 was generated for Z;, the z which is
generated via Z; = F; (@) = zg; would lie in the
sub-cube 7 € Z which corresponds to the sub-cube
o X Sgjg1 X o € [0,1]P, not ... x Sy; x ... € [0,1]P
which was determined by the algorithm. This problem
could alternatively be omitted with a different definition
of the sub-cubes.

The computational cost for the method is O(nlogn +
nkKi - ...- Kp). In our examples, calculated with MAT-
LAB on a 1GHz PC, the computing times were seconds
or few minutes.

A CHI-SQUARE TEST FOR THE QUALITY
OF THE APPROXIMATE DISTRIBUTION

In this section, we compare the approximate distribu-
tion A with a second sample z, i = 1,...,n’, from the
same population as the sample z;, ¢ = 1, ..., n, which we
used to build A4, by means of a chi-square goodness-of-
fit test. If the hypothesis is not rejected, we take this as
an indication of the quality of A.

For the chi-square test the sample must consist in in-
dependent points, but this is not fulfilled in general.
Therefore we start with a larger sample and discard
points between z; and z; ; and hope that spaced points
are nearly independent.

For the test, the space Z must be partitioned. We use
the partition 7;, j € K, but in each subset must be
enough points of the first sample. This is in general not
the case. Therefore we combine sub-cubes to a subset
R; until n’ - p; > 5 where p; is the sum of the proba-
bilities Hj of all combined sub-cubes 7j; this is a usual
heuristic. Thus we obtain r subsets R; and probabilities
pi, L =1,...,7. The precise definition of this combina-
tion is provided by an algorithm in the appendix.

As we said before, the partition 7j, j € K, is not unique,
in general. Here we define the intervals in each di-
mension as follows: Ty, = [la;, ha,;) for all d and all
j=1,..,Kg, where l;1 = 0, lg; = F;'(u) with u =
minlgign{udwi € Sd’j}, hdﬁj = ld7j+1,j =1,..,.K4—1,
and hg g, = 00.

Let Nj denote the number of points z; in the sub-cube
75 and y; the number in the subset Ry, [ =1,...,7.

The test statistic is the y2-distance function Q =
>i—1 y?/(n'p;) —n/ which is compared with the (1 —a)-

quantil of the y2-distribution with r» — 1 degrees of free-
dom.

EXAMPLES

In the numerical examples, correctness and accuracy are
verified with the chi-square test, with some statistics
and, visually, with scatter diagrams.

Statistics and diagrams are calculated for the measured
sample and time series which are generated with the
approximate distribution 4. The statistics are means,
coefficients of variation, and correlations of the z4 ;, the
latter between zq4; and zq ;, d # d'. First we calculated
the differences of corresponding coefficients of variation
and correlations, and relative differences of correspond-
ing means. In order to not bother the reader with many
figures, we only give the maximum of the absolute values
of these differences, the mazimum statistics difference.
The method primarily serves the purpose to analyze the
multivariate distribution of random vectors and to gen-
erate random vectors for simulation input. In our exam-
ples, it is indicated how it can be used for time series.
Under these circumstances, when the next z; is gen-
erated, some elements from the previous z;_1 can be
taken, e.g. in example 2, 2;; = 29,_;1. If for the gen-
eration of z;_; the sub-cube was 7j, then for the next
generation, the interval 77, of the next sub-cube 7y
equals T3 j, from the previous sub-cube.

Here, two kinds of errors may occur. First, if the fol-
lowing holds: In the sample z;, i = 1,...n, from which
the distribution A was built, there is no point z; which
lies in any sub-cube 7y with Tj g, = T j,. That means
the row H(ja,.) has only zero entries. Hence, in the
selected sub-cube, no point can be generated, the gen-
eration leads into a dead end.

Secondly, the probabilities Hj can be so that the gener-
ated points end in a cycle of points which recur again
and again.

These errors occur with some probability if the sam-
ple is small, in bigger samples this probability becomes
smaller and smaller. In fact, we observed these prob-
lems only when very small samples were used for the
distribution A4, ten points or so.

If a bigger sample is impossible or unwanted, there is a
remedy: When a dead end or a cycle occurs. Z; is gen-
erated completely new under violation of 2; ; = 22 ;1.

Example 1

We consider a sliding window over a stochastic process.
Zl,i = Ai7 Z2,i = Ai+17 1 = 17...,71, where A% 1 =
..,—1,0,1,2, ..., is the stationary stochastic process de-
fined by A;1 = 0.5(1 44 — 0.5)2) +0.5X;, where
the X; are independent and uniformly distributed over
[0, 1].

Sample size n = 4000. The number of subintervals



in each of the two dimensions K1 = Ko = 40. The
maximum statistics difference is 0.018, no dead end oc-
curred. The scatter diagrams of the sample and the
generated points indicate that there are probably re-
gions where no points can exist, and that these regions
are observed by the generated process with good accu-
racy, as seen in figure 2. For comparison, we generated
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Figure 2: LEFT: THE ORIGINAL SAMPLE. RIGHT:
THE GENERATED PROCESS

a process with a fitted linear nGAR model. Obviously,
here many generated points lie in impossible regions as
seen in figure 3. For four different streams of random
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Figure 3: PROCESS GENERATED WITH AN AR
MODEL

numbers, we built the approximate distribution A with
small samples, n = 100, and larger samples, n = 400,
and K7 = K5 = 20. For the small sample sizes, the chi-
square test indicated three of four times ”reject”, for the
larger sample sizes not once.

Example 2

We consider observed data by (Klemm, Lindemann and
Lohmann 2002) at an Internet server. The data consists
of inter-arrival times (A;) and packet lengths (B;).

In this case, the stochastic process is Z1; = A;, Za; =
B;, Z3; = Ai11, Zy; = Biy1, i =1,...,n.

Sample size n = 4000, K1 = Ky = K3 = K4 = 40.
The maximum statistics difference is 0.03, no dead end
occurred. The scatter diagrams of the sample and the

generated points indicate good accuracy. See figures
4 and 5. Figure 6 is a scatter diagram of the points

Figure 4: LEFT: THE ORIGINAL SAMPLE. RIGHT:
THE GENERATED PROCESS; DIMENSIONS 1 & 2

Figure 5: LEFT: THE ORIGINAL SAMPLE. RIGHT:
THE GENERATED PROCESS; DIMENSIONS 1 & 3

(u1,4, u2,;), hence some visualization of the marginal den-
sity of the copula, dimensions 1 and 2. Figure 7 visual-
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Figure 6: TRANSFORMED SAMPLE POINTS,

(ul,i7 U2,i)

ize the dimension 1 and 2 of the sub-cubes Sj for K; =
K22K32K4:40andK1:K22K32K4:60.
Every point indicates one or more sub-cubes with sam-
ple points. Obviously, the higher accuracy separates
better the impossible regions.

CONCLUSION

Copulas seem to be useful for the analysis of multivari-
ate samples and for the generation of multivariate ran-
dom numbers and time series. In contrast to other ap-
proaches, this approach is able to approximate any type
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Figure 7: DIMENSIONS 1 AND 2 OF THE SUB-
CUBES, DIFFERENT APPROXIMATION ACCU-
RACY

of models (linear or nonlinear regression, multidimen-
sional time-series, ...).

For future work, more goodness-of-fit tests can be done,
and variations of the proposed method should be con-
sidered, for example:

e More flexible sub-cubes.

e Other marginal distribution functions, e.g. fitted
standard distributions.

e Other kinds of estimated copulas.
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APPENDIX

Algorithm for the subsets of the chi-square test
l:=0;

sum := 0;
sum’ = 0;
for all je K

sum plus n’Hj;
sum’ plus Nj;

if sum > 5
[ plus 1;  // next subset Ry
n'pp = sum;
Yy = sum’;
sum := 0;
sum’ :=0;

fi

end

n'p1 plus sum;
11 plus sum/’;
r:=1;  //number of subsets



